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1. Introduction
In this paper, which is a continuation of the survey [7], some results of the author concerning groups of automorphisms
of locally finite vertex-symmetric graphs are considered in order to comment on them and discuss some related topics. We
will also formulate some of the results in a more general form than in the original papers.
Most of the results presented in this paper were motivated by questions in group theory. It is well recognized now that
representations of groups by automorphisms of locally finite vertex-symmetric (di)graphs provide a very useful tool in the
investigation of groups. Somewhat conditionally, in group theory the following two main ways of using representations of
groups by automorphisms of locally finite vertex-symmetric (di)graphs may be distinguished.
In the first, one startswith a realization of a group under consideration as a vertex-transitive group of automorphisms of a
connected locally finite (di)graph. The most well-known representations used in this way are the natural representations of
finitely generated groups by automorphisms of their locally finite Cayley (di)graphs. These vertex-transitive representations
play an important role in group theory; in particular, they are fundamental in the field of geometric group theory. In this
type of use of representations, we are rather interested in a vertex-transitive group of automorphisms of a connected locally
finite (di)graph as a whole.
The other way of using representations of groups by automorphisms of locally finite vertex-symmetric (di)graphs is
better known in finite group theory; in particular, it plays an important role in the local analysis of finite groups. Here we
are interested in the structure of a subgroupH (with some given properties) of a group G under assumption thatH is in some
given ‘‘relationship’’ with a conjugate subgroup aHa−1, a ∈ G. The corresponding representation is the natural action of G by
left multiplication on the graph whose vertex set is the set of left cosets of H in G and whose edge set is {{gH, gaH} : g ∈ G}.
(In many interesting cases H = NG(H) holds and, as a consequence, the vertex set can be naturally identified with the class
of subgroups of G conjugated with H whereupon the action coincides with the natural action of G on this class of subgroups
by conjugation.) The subgroup H of G is the stabilizer of the vertex H in this representation of G. Hence we are interested
in the stabilizer of a vertex in a vertex-transitive group of automorphisms of a graph. Frequently the ‘‘relationship’’ of H
and aHa−1 makes it possible to determine the group induced by H on the set {haH, ha−1H : h ∈ H} of neighbors of the
vertex H in the graph. Thus this approach to the investigation of H is closely related to the problem of reconstructing the
stabilizer of a vertex in a vertex-transitive group of automorphisms of a connected graph under the assumption that this
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stabilizer induces on the set of neighbors of the vertex a given permutation group (and is finite). This is a very important
and well-known class of problems; it arises in this and in others contexts as well.
Correspondingly, this paper involves two parts (Sections 2 and 3). The results in Section 2 were motivated by
investigations of vertex-transitive groups of automorphisms of graphs ‘‘in the whole’’, while the results in Section 3 were
motivated by investigations of stabilizers of vertices in vertex-transitive groups of automorphisms of graphs.
Our terminology concerning graphs and their automorphisms is standard and follows [7] with minor exceptions (listed
below in this paragraph). In particular, a graph is understood to be undirected graph without loops or multiple edges. If Γ
is a graph, then V (Γ ) and E(Γ ) are the vertex set and the edge set of Γ , respectively, and Aut(Γ ) is the automorphism
group of Γ (which was denoted by AutΓ in [7]). For a graph, we consider edges as two-element subsets of the vertex set,
and automorphisms as permutations on the vertex set. To adopt the terminology to digraphs, in this paper we use the term
‘‘degree’’ instead of the term ‘‘valency’’ used in [7] and write deg(x) for the degree of a vertex x of a graph and deg(Γ ) for
the degree of a regular graph Γ . By the same reason, for a connected graph Γ and x ∈ V (Γ ), the ball of Γ of a non-negative
integer radius n ≥ 0 and center x (denoted by BΓ (x, n) in [7]) is denoted by Γ n(x). Recall that a graph is said to be locally
finite, if the degrees of all vertices are finite, and vertex-symmetric if its automorphism group is transitive on the vertex set.
2. Graphs with vertex-transitive groups of automorphisms
2.1. o-automorphisms of graphs and kernels of van den Dries–Wilkie homomorphisms
Let Γ be a connected graph. Recall (see [5] or [7]) that an automorphism g of Γ is called o-automorphism of Γ if, for
some (equivalently, for an arbitrary) fixed x ∈ V (Γ ) and any y ∈ V (Γ ),
dΓ (y, g(y)) = o(dΓ (x, y)) as dΓ (x, y)→∞.
For G ≤ Aut(Γ ), o(G) is the normal subgroup of G consisting of all o-automorphisms of Γ contained in G.
Below it will be shown that the structure of the group o(G), in the case G is a vertex-transitive group of automorphisms
of a connected locally finite graph Γ with trivial vertex stabilizers, is important for the approach to the investigation of
abstract finitely generated groups due toM. Gromov, L. van den Dries and A.Wilkie. In this connection the following general
result is important. Before formulating this result we recall that a group is called finite-by-nilpotent if its factor group by
some finite normal subgroup is nilpotent.
Theorem 1 ([9]). Let G be a group of automorphisms of a connected locally finite graph Γ such that the stabilizer in G of a
vertex of Γ is finite. Then any finite subset of o(G) generates a finite-by-nilpotent group, i.e. o(G) is contained in the locally
finite-by-nilpotent radical of G.
This result can be reformulated in the following way. Let Γ be an arbitrary connected locally finite graph, and letM be a
finite set of o-automorphisms of Γ such that the stabilizer of a vertex of Γ in ⟨M⟩ is finite. Then ⟨M⟩ is a finite-by-nilpotent
group. Note that here it is not assumed that Γ is vertex-symmetric.
Let G be an abstract group with a finite generating setM , 1 ∉ M = M−1. Let ΓG,M be the Cayley graph of G corresponding
toM . By definition, V (ΓG,M) = G and E(ΓG,M) = {{g, h} : g−1h ∈ M}. The action of G on V (ΓG,M) by left multiplication is a
faithful vertex-transitive action (with trivial vertex stabilizers) of G on ΓG,M by automorphisms, called the natural action of
G on ΓG,M . Denote by o(G) the set of elements of G which under the natural action of G on ΓG,M act as o-automorphisms. It
is easy to see that the set o(G) is independent of the choice ofM . Thus, o(G) is a characteristic subgroup of G. By Theorem 1,
o(G) is a locally finite-by-nilpotent group. In a more usual for combinatorial group theory terminology, this result can be
reformulated as follows.
Corollary 1 ([9]). Let G be a group with a finite generating set M. For any g ∈ G, denote by |g|M the length of a shortest word
in M ∪ M−1 representing g. Let h be an element of G such that |g−1hg|M/|g|M → 0 as g runs through the elements of G and
|g|M →∞. Then h is contained in the locally finite-by-nilpotent radical of G.
Let Γ be a connected locally finite vertex-symmetric graph. As it was described in [7] (see also [6]), for each positive
infinite hyperreal number R, a homogeneous complete connected and locally connected metric space Y (R)Γ (a so-called
asymptotic cone of Γ , which is, figuratively, a view of Γ from an infinite distance) can be associated with Γ such that
there is a natural action l(R)Γ of Aut(Γ ) by isometries of Y
(R)
Γ fixing some a point of Y
(R)
Γ .
1 This construction makes it possible
to investigate the structure of a vertex-transitive group of automorphisms G of a connected locally finite graph Γ by
considering, for a positive infinite hyperreal number R, the kernel of l(R)Γ restricted to G and the image l
(R)
Γ (G) of G in the
group of isometries of Y (R)Γ . Ideally, in this approach, the image l
(R)
Γ (G) is reconstructed to be a subgroup of the group of
isometries of Y (R)Γ which group should be known since Y
(R)
Γ should be known. But, at the present time, the structure of Y
(R)
Γ is
1 Note that there is a misprint on p. 167 of [7]: ‘‘is finite for x ∈ V (Γ )’’, just after the formula defining Γ (R) , should be put in the braces before.
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known only for some rather special graphs Γ . As for the kernels of l(R)Γ restricted to G, according to [9, Proposition 3.1] their
intersection over all positive infinite hyperreal (or hyperinteger) numbers R coincides with o(G).
This approach to the investigation of vertex-transitive groups of automorphisms of connected locally finite graphs is a
natural generalization of the approach to the investigation of (abstract) finitely generated groups due to Gromov [2] and
van den Dries and Wilkie [1]. More exactly, the Gromov–van den Dries–Wilkie approach to the investigation of a finitely
generated group G corresponds to the case of the natural action of G on the Cayley graph ΓG,M whereM is a finite generating
set of G (satisfying 1 ∉ M = M−1) in the foregoing approach. The restriction l(R)G,M of l(R)ΓG,M to G is a homomorphism of G into
the group of isometries of Y (R)ΓG,M , which we call the van den Dries–Wilkie homomorphism of G (corresponding to M and a
positive infinite hyperreal number R). Note that the kernel of l(R)G,M is independent of the choice ofM . As before, the structure
of Y (R)ΓG,M is known only for some rather special groups G. But now the stabilizer of a vertex of ΓG,M in G is finite (moreover
is trivial), and hence o(G) is contained in the locally finite-by-nilpotent radical of G by Theorem 1. Since, by [9, Proposition
3.1], the intersection over all positive infinite hyperreal (or hyperinteger) numbers R of kernels of van den Dries–Wilkie
homomorphisms l(R)G,M coincides with o(G), we get the following result.
Theorem 2 ([9]). Let G be a group generated by a finite set M satisfying 1 ∉ M = M−1. Then the intersection (over all positive
infinite hyperreal numbers R) of kernels of van den Dries–Wilkie homomorphisms l(R)G,M of G is contained in the locally finite-by-
nilpotent radical of G.
In a sense, this result makes it possible to describe the current situation with realization of the second part of the
Gromov–van den Drise – Wilkie approach (‘‘kernels of homomorphisms’’) as more or less satisfactory. Unfortunately,
realization of the first part of the Gromov–van den Drise – Wilkie approach (‘‘images of homomorphisms’’) in general is
unsatisfactory at present. It seems we still do not have an adequate apparatus to investigate metric spaces Y (R)G in general.
2.2. Harmonic functions on vertex-symmetric graphs
Let Γ be a locally finite graph. Recall that a real-valued function ϕ on V (Γ ) is called harmonic in x ∈ V (Γ ) if
degΓ (x)ϕ(x) =
−
y∈Γ (x)\{x}
ϕ(y).
A real-valued function ϕ on V (Γ ) is called harmonic on Γ if ϕ is harmonic in each vertex of Γ . In other words, the harmonic
functions on Γ are exactly the eigenfunctions corresponding to the eigenvalue 0 of the Laplacian of Γ (acting on the vector
space over R of all real-valued functions on V (Γ )), i. e. the solutions of the Laplace equation on Γ . Note that, for a connected
locally finite graph, the gradient of any non-constant harmonic function is a non-trivial flow satisfying Kirchhoff’s node and
loop laws, and each non-trivial flow satisfying Kirchhoff’s node and loop laws is the gradient of some non-constant harmonic
function (determined by this up to an additive constant). In the case of locally finite vertex-symmetric graphs, the existence
of non-constant harmonic functions is also of some interest for group theory (see Remark 2).
Obviously, any harmonic function on a finite connected graph is constant. On the other hand, for infinite locally finite
vertex-symmetric graphs the following result holds.
Theorem 3 ([8]). If Γ is an infinite locally finite vertex-symmetric graph, then there exists a non-constant harmonic functionψ
on Γ . If Γ is in addition connected and d = deg(x), where x is a vertex of Γ , then ψ can be chosen such that
(1) ψ(x) = 0, and ψ(x′) = 1 for a vertex x′ adjacent to x in Γ
(2) |ψ(y)| ≤ ddΓ (x,y)−1d−1 for all y ∈ V (Γ ).
Remark 1. Theorem 3 can not be extended to all infinite regular locally finite graphs.
Remark 2. Theorem 3 can be seen as a step in the following direction. Let G be a vertex-transitive group of automorphisms
of a connected infinite locally finite graph Γ . Then G acts naturally on the vector space V over R of all real-valued functions
on V (Γ ) equipped, say, with the topology of pointwise convergence. A standard question (which is important for the theory
of linear representations of groups) is to find a ‘‘small’’ closed G-invariant subspace ofV containing non-constant functions.
Conditions formulated as some boundary conditions at infinity are not sufficient to distinguish appropriate functions in
this case. (In fact, the only closed G-invariant subspace of V containing a function different from 0 in only one vertex is V .)
Another way is to consider the subspace which is an eigenspace of a certain G-invariant linear operator on V . Of course, we
have an obvious candidate for such a linear operator: the linear operator AΓ determined by the adjacency matrix of Γ . The
harmonic functions on Γ are exactly the eigenfunctions of AΓ corresponding to the eigenvalue deg(Γ ) (or in other words,
exactly eigenfunctions of the Laplacian deg(Γ )I−AΓ of Γ corresponding to the eigenvalue 0). Theorem 3 says, in particular,
that this proper closed G-invariant subspace of V contains a non-constant function.
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2.3. Some combinatorial and geometric properties of vertex-symmetric digraphs
We use the following terminology concerning digraphs. For a digraph Γ , V (Γ ) is the vertex set of Γ , and E(Γ ) ⊆
(V (Γ ) × V (Γ )) \ diag(V (Γ ) × V (Γ )) is the edge set of Γ . As usual, for (x, y) ∈ E(Γ ), x is the initial vertex and y is
the terminal vertex of the edge (x, y). For x ∈ V (Γ ), deg+Γ (x) (respectively, deg−Γ (x)) is the out-degree (respectively, in-
degree) of x in Γ . A digraph Γ is called locally finite if the in- and out-degrees of all its vertices are finite. For x ∈ V (Γ ) and
for a non-negative integer n, Γ n(x) is the set of terminal vertices of directed paths of Γ of length not greater than nwith the
initial vertex x. This set is called the n-cone in Γ with respect to x. In addition, we put Γ∞(x) :=n≥0 Γ n(x).
As usual, ifΓ is a regular digraph (i.e., if the out-degrees of all vertices ofΓ coincide and the in-degrees of all vertices ofΓ
also coincide), then the out-degree (respectively, in-degree) of an arbitrary vertex ofΓ is called the out-degree (respectively,
in-degree) of the digraph Γ and denoted by deg+(Γ ) (respectively, deg−(Γ )).
The automorphism group of a digraph Γ is denoted by Aut(Γ ). A digraph is called vertex-symmetric if its automorphism
group is vertex-transitive. Recall that, for a groupG generated by a finite setM , 1 ∉ M , the Cayley digraph ofG corresponding
toM is the digraph with the vertex set G and the edge set {(g, h) : g−1h ∈ M}.
For a digraph Γ , the underlying (undirected) graph Γ¯ is defined by V (Γ¯ ) = V (Γ ) and E(Γ¯ ) = {{x, y} ⊆ V (Γ ) : (x, y) ∈
E(Γ ) or (y, x) ∈ E(Γ )}. A digraph Γ is called connected if Γ¯ is connected.
A standard way to represent (undirected) graphs by digraphs is the following one: for a graph Γ , the associated digraph
Γ⃗ is defined by V (Γ⃗ ) = V (Γ ) and E(Γ⃗ ) = {(x, y) : {x, y} ∈ E(Γ )}.
We start with results concerning the dynamics of growth of cones in a locally finite vertex-symmetric digraph.
If Γ is a connected locally finite vertex-symmetric (undirected) graph and x ∈ V (Γ ), then it can be easily seen that
|Γ n(x) \ Γ n−1(x)| ≥ 1
n+ 1 |Γ
n(x)|
for all positive integers n not greater than diam(Γ )2 . In fact, there exists a geodesic (x0, x1, . . . , x2n) of Γ . For any y ∈ V (Γ ),
we have max{dΓ (x0, y), dΓ (x2n, y)} ≥ n. Hence
2n
i=0
Γ n(xi) ⊆
2n
i=0
(Γ n(xi) \ Γ n−1(xi))
and, in particular,
Γ n(x0) ∪ Γ n(x2n) ⊆
2n
i=0
(Γ n(xi) \ Γ n−1(xi)).
Since
Γ n(x0) ∩ Γ n(x2n) ⊆ Γ n(x0) \ Γ n−1(x0)
and Γ is vertex-symmetric, it follows that
2|Γ n(x)| − |Γ n(x) \ Γ n−1(x)| ≤ (2n+ 1)|Γ n(x) \ Γ n−1(x)|
completing the proof.
It was proved in [12] that the following similar result holds for cones of connected locally finite vertex-symmetric
digraphs.
Theorem 4 ([12]). Let Γ be a connected locally finite vertex-symmetric digraph, and let x ∈ V (Γ ). Then the following asser-
tions (1)–(3) hold.
(1) If deg+(Γ ) ≠ deg−(Γ ), then
|Γ n(x) \ Γ n−1(x)| ≥ 1
2n
|Γ n(x)|
for any positive integer n.
(2) If Γ is infinite and deg+(Γ ) = deg−(Γ ) = d, then
|Γ n(x) \ Γ n−1(x)| ≥ 1
2n+ 2nd− d |Γ
n(x)|
for any positive integer n.
(3) If Γ is finite, then
|Γ n(x) \ Γ n−1(x)| ≥ 1
n+ nd+ 1 |Γ
n(x)|
for any positive integer n smaller than diam(Γ )2 + 1, where d = deg+(Γ ) = deg−(Γ ).
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Remark 3. Howcan this result be applied? Supposewe try to prove that a connected locally finite vertex-symmetric digraph
Γ is finite. (For example, suppose we have a group G = ⟨g1, . . . , gd⟩ with solvable word problem and, to show that G is
finite, try to prove that the Cayley digraph of G with respect to the generating set {g1, . . . , gd} of G is finite.) Since Γ is
infinite whenever deg+(Γ ) ≠ deg−(Γ ), we can suppose that deg+(Γ ) = deg−(Γ ) = d for some positive integer d. A naive
approach to recognizing that Γ is finite is as follows: fix a vertex x of Γ ; construct Γ 1(x) and Γ 2(x), if Γ 2(x) \ Γ 1(x) ≠ ∅
construct Γ 3(x), if Γ 3(x) \ Γ 2(x) ≠ ∅ construct Γ 4(x), etc.; this procedure stops (i.e., Γ r(x) \ Γ r−1(x) = ∅ for some
positive integer r) if and only if Γ is finite (and V (Γ ) = Γ r−1(x)). Instead of this, Theorem 4 supplies the following
more clever approach. At each step i, we check the stronger condition |Γ i(x) \ Γ i−1(x)| ≥ 12i+2id−d |Γ i(x)| instead of
Γ i(x) \ Γ i−1(x) ≠ ∅. As soon as |Γ r(x) \ Γ r−1(x)| < 12r+2rd−d |Γ r(x)| for some positive integer r , Theorem 4 implies
that Γ is finite and diam(Γ ) ≤ 2(r − 1).
Let Γ be a connected locally finite vertex-symmetric digraph. It is easy to prove that in the case deg+(Γ ) > deg−(Γ ) the
digraphΓ contains a regular directed subtree of in-degree 1 and out-degree 2. Analogously, in the case deg+(Γ ) < deg−(Γ )
the digraph Γ contains a regular directed subtree of in-degree 2 and out-degree 1. Let now Γ be a connected locally finite
vertex-symmetric digraph such that deg+(Γ ) = deg−(Γ ), and let x ∈ V (Γ ). In the case when |Γ n(x)| ≤ cnk for some
positive integers c , k and all positive integers n (i.e., in the case when Γ has polynomial growth), the structure of Γ was
described in [10], [4]. (Such digraphs are important in connection with the dynamics of multivalued mappings since they
arise as trajectory digraphs of integrable multivalued mappings, see [19].) In [10, Theorem 2], it was shown that the same
class of digraphs is characterized by the (a priori weaker) property that there exists an increasing sequence of positive
integers (ni)i≥0 such that |Γ ni(x)| ≤ cnki for some positive integers c , k and all i ≥ 0. Moreover, according to [10, Remark 2],
for any such digraph Γ , there exist a non-negative integer l and positive integers c1, c2 such that
1
c1
nl ≤ |Γ n(x)| ≤ c1nl
and
1
c2
nl ≤ |Γ n(x)| ≤ c2nl
for all positive integers n. As a consequence of [10, Theorem 2] and assertion (2) of Theorem 4 we have the following result.
Theorem 5 ([12], Corollary 4.1). Let Γ be a connected locally finite vertex-symmetric digraph such that deg+(Γ ) = deg−(Γ ).
Suppose that, for x ∈ V (Γ ), there exist positive integers c, r and an increasing sequence of positive integers (ni)i≥0 such that
|Γ ni(x) \ Γ ni−1(x)| ≤ cnri
for all i ≥ 0. Then there exists a positive integer c ′ such that
|Γ ni(x)| ≤ c ′nr+1i
for all i ≥ 0, and the structure of Γ is known by [10], [4].
Consider now the following question which also concerns the dynamics of cones in digraphs and naturally arises in few
different contexts. For a given digraph Γ and x ∈ X ⊆ V (Γ ), how long is a shortest directed path of Γ initiated in x and
terminated outside of X?
Let Γ be an arbitrary digraph, and let x ∈ X ⊆ V (Γ ). Put
αΓ ,x(X) := sup{m : Γ m(x) ⊆ X}.
Thus αΓ ,x(X) is either a non-negative integer, in which case αΓ ,x(X) + 1 is the length of a shortest directed path of Γ
initiated in x and terminated outside of X , or+∞, in which case any directed path of Γ initiated in x is terminated in X . For
a non-negative integer n, put
αΓ ,x(n) := αΓ ,x(Γ n(x)).
Note that, if Γ n1(x) ⊆ X ⊆ Γ n2(x) for some non-negative integers n1 and n2, then αΓ ,x(n1) ≤ αΓ ,x(X) ≤ αΓ ,x(n2). Thus the
function αΓ ,x(n) of n can be used to get approximations for αΓ ,x(X) for various X . In the case Γ is vertex-symmetric, αΓ ,x(n)
is independent of the choice of x in V (Γ ), and we put
αΓ (n) := αΓ ,x(n).
For connected locally finite vertex-symmetric digraphs Γ , the following upper bounds for αΓ (n) were obtained in [12].
(For the more general case of regular digraphs Γ see [13].)
Theorem 6. Let Γ be a connected locally finite vertex-symmetric digraph. Then the following assertions (1)–(3) hold.
(1) If deg+(Γ ) ≠ deg−(Γ ), then αΓ (n) = n for any positive integer n.
(2) If Γ is infinite and deg+(Γ ) = deg−(Γ ) = d, then there exists a positive real number kd depending only on d (for example,
we can take kd = 3(d+ 1) log2(3d)) such that αΓ (n) ≤ kdn2 for any positive integer n.
V.I. Trofimov / Discrete Mathematics 311 (2011) 1410–1417 1415
(3) If Γ is finite, then there exists a positive real number k′d depending only on d := deg+(Γ ) = deg−(Γ ) (for example, we can
take k′d = 2(d+ 1) log2(3d) for d > 0) such that αΓ (n) ≤ k′dn2 for any positive integer n smaller than diam(Γ )2 + 1.
Remark 4. The author does not know any example of a connected infinite locally finite vertex-symmetric digraph Γ for
which the function αΓ (n) is not bounded above by some linear function of n.
Remark 5. In connection with Theorem 6, it would be interesting to consider algorithmic aspects of finding a shortest
directed path of Γ initiated in x and terminated outside of Γ n(x). (For infinite digraphs Γ , the effectiveness of algorithms
can depend on presentations of Γ .) Theorem 6 says that, in the case Γ is infinite with in- or out-degree equals to d, to find
such a path it is sufficient to check directed paths starting at x up to the length kdn2.
An application of Theorem 6 to Cayley digraphs of infinite finitely generated groups gives the following result.
Corollary 2. Let G be an infinite group generated by a finite set {g±11 , . . . , g±1d }. Then there exists a positive real number kˆd
depending only on d (for example, we can take kˆd = 3(d + 1) log2(3d)) such that, for any positive integer n, there exists a
word in the alphabet {g1, . . . , gd} of length ≤ kˆdn2 determining an element of G of length n with respect to the generating set
{g±11 , . . . , g±1d } of G.
3. Vertex stabilizers in vertex-transitive groups of automorphisms of graphs and related topics
3.1. A glance at finite vertex stabilizers
Starting to consider vertex stabilizers in vertex-transitive groups of automorphisms of graphs, we glance at a problem
which (in the opinion of the author) can be seen as themost interesting general problem concerning finite vertex stabilizers
in vertex-transitive groups of automorphisms of graphs. In a very general form, the problem is to reconstruct the stabilizer
of a vertex in a vertex-transitive group of automorphisms of a connected locally finite graph under the assumption that this
stabilizer is finite and induces a given permutation group on the set of neighbors of the vertex. More precisely, the problem
can be formulated in the followingway. Let R be a permutation group of finite degree. Denote byP (R) the set of pairs (Γ ,G),
where Γ is a connected graph and G is a vertex-transitive group of automorphisms of Γ , such that, for x ∈ V (Γ ), the group
Gx is finite and the groupG
Γ (x)\{x}
x is isomorphic, as a permutation group, to R. Denote by S(R) the set of (abstract) isomorphic
types of Gx for all (Γ ,G) ∈ P (R) and x ∈ V (Γ ). (It can be shown that the same set S(R) is obtained if we additionally require
that Γ is finite or that Γ is a tree.) Now the problem (the Vertex Stabilizer Reconstruction Problem) for R can be formulated
as follows:
Is the set S(R) finite? (And if so, what is the structure of groups in S(R)?)
This problem is of interest only for groups R of some special types. There are many (transitive) groups R for which this
problem is solved negatively (i.e., S(R) is infinite). On the other hand, there are many (transitive) groups R for which this
problem is solved affirmatively. The problem was originated by Tutte in papers [17,18], where the case R is the symmetric
group of degree 3 was considered. In [20], Weiss conjectured that the problem has an affirmative solution for any (finite)
primitive group R. ThisWeiss Conjecturewas verified formany primitive groups R. In particular, may be themost interesting
for finite group theory case, when R contains, as a normal subgroup, a simple group of Lie type acting on a class of maximal
parabolic subgroups, is completed now in the affirmative (see [16,15] for the final step). It is likely that the existingmethods
allow to establish the Weiss Conjecture in full. Some peculiarity of the situation is that the looking suitable methods are
essentially group theoretical (and as such aremore available for specialists in finite group theory) while themost interesting
for specialists in finite group theory cases of the Weiss Conjecture were considered by now.
One of themost efficient methods to consider the Vertex Stabilizer Reconstruction Problem (at least for primitive groups
R) is the so-called track method developed by the author to consider the problem for some important groups R, see [11].
(As far as the author can see, for any primitive group R for which the problem was considered, the track method can also
be applied to get the result. Of course, for some groups R this approach may not be a shortest one.) Roughly speaking, for a
group of automorphisms G of a graph Γ , a G-track of Γ is a connected regular subgraph of degree 2 of Γ along which some
element of G acts. (An exact definition will be given below.) Roughly speaking, the track method for the Vertex Stabilizer
Reconstruction Problem for a group R consists of two steps. LetΓ be a connected graph (which canwithout loss of generality
be assumed to be a tree) and let G be a vertex-transitive group of automorphisms of Γ , such that, for x ∈ V (Γ ), the group
Gx is finite and the group G
Γ (x)\{x}
x is isomorphic, as a permutation group, to R. The goal of the first step is to prove that there
exists a G-track of Γ such that the pointwise stabilizer in G of the union of balls of radius 1 (or, more general, of some not
large fixed radius) with centers in vertices of the track is trivial. (In the opinion of the author, the existence of such tracks
for many groups R is an important fact which also is of some importance independently from the problem.) In the second
step, arguments similar to those of the amalgam method of finite group theory, but realized ‘‘along the chosen track’’, are
used to get an upper bound for the order of Gx depending only on R and to complete the proof.
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3.2. Vertex stabilizers of graphs and tracks
Only the following two ‘‘mechanisms’’, allowing a vertex-transitive group of automorphisms G of a connected locally
finite graph Γ to have infinite vertex stabilizers, are known to the author:
(1) (‘‘Infinity only inside finite blocks of imprimitivity’’) There exists an imprimitivity system σ of G on V (Γ ) with finite
blocks such that the stabilizers in Gσ of vertices of Γ /σ are already finite.
(2) (‘‘Tree-likeness’’) The graph Γ is hyperbolic, which means that there exists a positive integer n such that the graph Γ n,
defined by V (Γ n) = V (Γ ) and E(Γ n) = {{x, y} : 0 < dΓ (x, y) ≤ n}, contains a regular subtree of degree 3.
In this connection the following Conjecture was formulated in [3] (for the present status of the Conjecture see [14]).
Conjecture. Let Γ be a connected locally finite graph and G a vertex-transitive group of automorphisms of Γ . Then at least one
of the assertions (1) (where blocks of σ can be singletons) or (2) holds.
Remark 6. A reformulation of the Conjecture as a problem (not as a conjecture) would better express the author’s position.
(The author is much more optimistic in the case when, for x ∈ V (Γ ), the group induced by Gx on the set of neighbors of x
in Γ is primitive.) On the other hand, to be more concrete we could ask the following question: Suppose that assertion (1)
does not hold for a connected locally finite graph Γ and a vertex-transitive group G of automorphisms of Γ . Is it true that,
for some positive integer n, the graph Γ n contains a regular subtree T of degree 3 such that the pointwise stabilizer in G of
the vertex set of T is a subgroup of infinite index in the stabilizer in G of a vertex of T?
In [14], the following local approach to the Conjecture is elaborated. A finite permutation group R is fixed, and the
Conjecture is considered under the assumption that the stabilizer in G of a vertex of Γ induces on the neighborhood of
the vertex a group isomorphic, as a permutation group, to R. This approach to the Conjecture seems natural since, for certain
groups R, the corresponding result is of independent interest. In addition, the local approach leads, in a natural way, to the
Vertex Stabilizer Reconstruction Problem from the Section 3.1 as soon as we are interested in vertex stabilizers in the case
assertion (1) from the Conjecture holds. In [14], the Conjecture was verified for many interesting groups R. Furthermore,
in [14] an appropriate method (the so-called modified track method) for studying vertex stabilizers in vertex-transitive
groups of automorphisms of graphs was elaborated. The method is based on certain results concerning tracks of graphs (see
[14, Section 4]) which are also of independent interest. Below some of these results of [14] concerning tracks of graphs are
formulated in a somewhat generalized (and refined) form.
Weneed somedefinitions. LetΓ be an arbitrary graph. The classes of shift equivalentZ-indexed sequences of vertices ofΓ
will be called two-way infinite sequences of vertices of Γ . (Z-indexed sequences . . . , x−1, x0, x1, . . . and . . . , y−1, y0, y1, . . .
of vertices of Γ are shift equivalent if there exists s ∈ Z such that xi = yi+s for all i ∈ Z.) For a Z-indexed sequence
. . . , x−1, x0, x1, . . . of vertices of Γ , the corresponding two-way infinite sequence will be denoted by (. . . , x−1, x0, x1, . . .).
For a two-way infinite sequence T = (. . . , x−1, x0, x1, . . .) of elements of V (Γ ), we put T−1 := (. . . , x1, x0, x−1, . . .).
For g ∈ Aut(Γ ), a g-track of Γ is a two-way infinite sequence (. . . , x−1, x0, x1, . . .) of vertices of Γ such that
{xi, xi+1} ∈ E(Γ ) and xi+1 = g(xi) for all i ∈ Z. For G ≤ Aut(Γ ), a G-track of Γ is a g-track of Γ for some g ∈ G. Let
T = (. . . , x−1, x0, x1, . . .) be a g-track of Γ , where g ∈ Aut(Γ ), or a G-track of Γ , where G ≤ Aut(Γ ). Then T is infinite if
the subset {xi : i ∈ Z} of V (Γ ) is infinite. For x ∈ V (Γ ), T passes through x, if x = xi for some i ∈ Z.
Let Γ be a graph, and G ≤ Aut(Γ ). For a G-track T = (. . . , x−1, x0, x1, . . .) of Γ , let HT ,G := ⟨Gx0,x1,..., g⟩, where g is
an element in G such that T is a g-track of Γ (it is easy to see that HT ,G is independent of the choice of g in G with this
property and hence HT ,G depends only on G and T ), and let KT ,G be the normal closure of Gx0,x1,... in HT ,G (it is easy to see
that KT ,G depends only on G and T ). The ⟨Gx0,x1,..., g⟩-orbit containing xi for all integers i is called the G-envelope of T and
denoted by [T ]G. It is easy to see that the subgraph of the graph Γ generated by [T ]G is connected, each KT ,G-orbit on [T ]G
is of the form KT ,G(xi) for some integer i (with KT ,G(xi′) ≠ KT ,G(xi′′) for xi′ ≠ xi′′ in the case the degrees of vertices of T
are finite), and the group induced by HT ,G on the set of KT ,G-orbits on [T ]G is a transitive cyclic group induced by ⟨g⟩. If
T ′ = (. . . , x′−1, x′0, x′1, . . .) and T ′′ = (. . . , x′′−1, x′′0, x′′1, . . .) are G-tracks of Γ , then T ′ and T ′′ are G-equivalent if there exists
an integer k such that KT ′,G(x′i) = KT ′′,G(x′′i+k) for all i ∈ Z (of course, in this case [T ′]G = [T ′′]G).
A modification of arguments of the proof of [14, Theorem 4.2] gives the following result.
Theorem 7. Let Γ be a graph, and G ≤ Aut(Γ ). Let T = (. . . , x−1, x0, x1, . . .) be a G-track of Γ such that KT ,G-orbits on [T ]G
are infinite. Then Γ contains a regular subtree of degree 3. Moreover, there exists such a subtree∆ with the following properties:
V (∆) ⊆ [T ]G; for each i ∈ Z, {xi, xi+1} ∈ E(∆); if y is a vertex of ∆ and y ∈ KT ,G(xi) where i ∈ Z, then y is adjacent in∆ to at
least 2 vertices from KT ,G(xi−1) and at least 1 vertex from KT ,G(xi+1).
Remark 7. Let Γ , G and T = (. . . , x−1, x0, x1, . . .) be as in Theorem 7. Suppose that Γ is locally finite. It can be shown
that in this case KT ,G-orbits on [T ]G are infinite if and only if there exists h ∈ Gx0,x1,... such that the set of distances{dΓ (xi, h(xi)) : i ∈ Z} is unbounded.
Let Γ be a graph, and G ≤ Aut(Γ ). A G-track T of Γ is left-linear if KT ,G-orbits on [T ]G are finite. A G-track T of Γ is
right-linear, if the G-track T−1 is left-linear. A G-track T of Γ which is left-linear and right-linear, is called linear. The set of
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linear G-tracks of Γ is denoted by LT G. Obviously, T ∈ LT G implies T−1 ∈ LT G. It follows from Theorem 7 that, if x is a
vertex of Γ such that no regular subtree of degree 3 of Γ contains x, then any G-track of Γ passing through x is linear. In
particular, if Γ is a connected graph without regular subtrees of degree 3, thenLT G coincides with the set of all G-tracks of
Γ .
A modification of arguments from [14, Section 4] gives the following result (compare [14, Corollary 4.5]).
Theorem 8. Let Γ be a connected locally finite graph, and let G be a closed subgroup of the group Aut(Γ ) equipped with the
topology of pointwise convergence. Then the following assertions hold.
(1) For any T ∈ LT G, [T ]G = [T−1]G.
(2) Let T1 be an infinite G-track inLT G and T2 be a G-track of Γ such that [T1]G = [T2]G. Then either T1 and T2 or T1 and T−12
are G-equivalent.
(3) For each x ∈ V (Γ ), there exists a positive integer lG,x with the following property. If T1 = (. . . , x−1, x0, x1, . . .) and
T2 = (. . . , y−1, y0, y1, . . .) are G-tracks of Γ such that T1 passes through x, T1 ∈ LT G and xi = yi for all 0 ≤ i ≤ lG,x, then
T1 and T2 are G-equivalent.
(4) For each x ∈ V (Γ ), the pointwise stabilizer in G of the ball of radius

lG,x+1
2

with the center x stabilizes all G-envelopes of
G-tracks inLT G which contain x.
(5) For each x ∈ V (Γ ), there are only finitely many pairwise non-G-equivalent G-tracks inLT G passing through x.
(6) For each x ∈ V (Γ ), there are only finitely many, say tG,x, G-envelopes of G-tracks inLT G which contain x.
(7) For any x ∈ V (Γ ), if T is a G-track inLT G passing through x and (. . . , x−1, x0, x1, . . .) is a G-track of Γ such that xi ∈ [T ]G
for all 0 ≤ i ≤ tG,x, then xi ∈ [T ]G for all i ∈ Z and (. . . , x−1, x0, x1, . . .) ∈ LT G.
These results were motivated by the local approach to the Conjecture (see [14]). To prove the Conjecture, it is sufficient
to consider the case when G is a closed subgroup of the group Aut(Γ ) equipped with the topology of pointwise convergence
(moreover, it is sufficient to consider the case when G = Aut(Γ )). So let Γ be a connected locally finite graph and G be a
closed vertex-transitive subgroup of the group Aut(Γ ) equipped with the topology of pointwise convergence. Furthermore,
suppose that assertion (2) from the Conjecture does not hold for Γ . Then Γ is a graph without regular subtrees of degree 3.
Hence, by Theorem 7,LT G coincides with the set of all G-tracks of Γ . Let x be an arbitrary vertex of Γ . Then Gx acts on the
set of G-envelopes of G-tracks of Γ which contain x. By assertion (6) of Theorem 8, it follows that Gx contains a subgroup of
finite index stabilizing all G-envelopes of G-tracks of Γ containing x. Furthermore, using also assertion (2) of Theorem 8, we
get that Gx contains a subgroup Gˆx of finite index with the following property: if T = (. . . , x−1, x0, x1, . . .) is a G-track of
Γ such that x ∈ [T ]G, then, for each i ∈ Z, Gˆx stabilizes the set KT ,G(xi). This makes it natural to consider such a set KT ,G(xi)
as a candidate to be a block of an imprimitivity system of G on V (Γ ) for which assertion (1) from the Conjecture holds. The
latter can be really stated in many interesting cases of groups R (in the local approach to the Conjecture mentioned above).
In general, it can be easily proved that KT ,G(xi) is contained in a block of any imprimitivity system σ of G on V (Γ ) for which
assertion (1) from the Conjecture holds.
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